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1. Introduction

The Standard Model (SM) of particle physics, formulated in the early 70s of of the last century,
is the current best theory describing the fundamental constituents of matter and the forces
acting between them. During the last half of a century, the Model has been put to the multitude
of experimental tests and has passed most of them with flying colours. Despite its enormous
success, the Model is not believed to be a complete theory. For instance, it does not include
gravity and introduces a large number of free parameters, whose numerical values are established
by experiment. Experimentally measured quark and lepton masses, together with the Cabibbo-
Kobayashi-Maskawa (CKM) matrix [1, 2] elements show hierarchical structure that may point
to underlying dynamics which is reflected by those parameters, but not introduced explicitly.
All this makes that the Standard Model is considered to be an effective theory, rather than
a complete description of Nature. Therefore, efforts have been made over the years to study
extended theories, commonly refered to as the physics Beyond the Standard Model (BSM) or
simply the New Physics (NP).

Experimentally, the New Physics can be hunted using two complementary approaches. The
former one, known as the Energy Frontier is represented by experiments such as ATLAS and
CMS conducted at CERN. Those experiments aim for the highest possible center-of-mass energy
of the collision, sufficient to directly produce heavy particles predicted by many BSM models.
New particles can also be created off-shell, as internal propagators. This allows to study their
properties at energies much below the production threshhold, for instance in rare decays of SM
particles. Such measurements require large statistics in order to push the experimental precision
to the limits and represent the so-called Intensity Frontier.

In the original formulation of the Standard Model with massless neutrinos lepton flavour is a
conserved quantity. Today we know this assumption does not hold in the neutrino sector, as
the compelling evidence for transitions between different neutrino flavours, νe, νµ, ντ , known as
neutrino oscillations, has been provided over the years by many experiments. Lepton Flavour
Violation (LFV) in charged lepton sector can occur through processes that involve neutrino
mixing [3], but these are highly suppressed and have predicted branching fractions many orders
of magnitude below the experimental sensitivity of today’s and future experiments.
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Decays of B mesons, the lightest hadrons containing b quark, offer a unique laboratory for
indirect NP searches. In particular, semileptonic B meson decays have recently drawn much
attention, as many experimental hints for Lepton Flavour Universality (LFU) violation in these
processes have been provided in recent years. [4–11]. Many NP models, that aim to describe
these anomalies, can also lead to relatively large branching fractions for LFV B meson de-
cays. Especially promising are processes involving heavier leptons, such as B → Kτ±µ∓, where
some of the models (e.g., [12, 13]) predict the rates for these decays to be within experimental
sensitivity.

Experimentally, searches involving τ leptons typically require more advanced measurement tech-
niques to overcome the challenges caused by missing neutrinos and lack of distincive τ signature.
The lack of complete kinematic information in B meson decays to final state with τ leptons
renders it impossible to completely reconstruct the B meson decay chain. Due to these diffi-
culties, the experimental information on B → Kτ±µmp processes have been weak or absent to
date.

B → Kτ±µ∓ processes were first searched by the BaBAR collaboration [14, 15]. The collabora-
tion found no evidence for these decays and set an upper limit at the level of a few times 10−5.
For almost ten years, these results were the only experimental limits for B → Kτ±µ∓ processes.
In 2020, LHCb has reported their first search for B+ → K+τ+µ− decay [16], setting an upper
on its branching fraction slightly above the one obtained by BaBAR. The current 90% upper
limits on B+ → K+τ+µ− processes are summarised in Table 1.1.

Table 1.1. Summary of the results for lepton flavour violating modes.

Experiment (year) Decay mode BUL (90% C.L.)

BaBar (2012) [15]
B+ → K+τ+µ−

B+ → K+τ−µ+

B+ → K+τ±µ∓

2.8× 10−5

4.5× 10−5

4.8× 10−5

LHCb (2020) [16] B+ → K+τ+µ− 3.9× 10−5

The aim of this thesis is concerned about the search for lepton flavour violating B+ → K+τ±µ∓

decays at the Belle experiment. The content of this thesis is organised as follows. chapter 2
presents the physics environment of the Belle experiment as well as a short description of main
detector components, important from the data analysis standpoint. chapter 3 presents the mea-
surement technique and contains the main analysis overview. The main analysis chain, applied
to Monte Carlo simulated events is presented in chapter 4. chapter 5 describes the fitting pro-
cedure that will be used to extract the signal yield. A thesis summary and concluding remarks
are contained in chapter 6.
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2. Experimental apparatus

2.1. Experiments at the B Factories

The analyses presented in this thesis were performed with the use of simulated events dedi-
cated for Belle experiment, that was operated in 1999-2010 at KEK (jap. Kō Eneruḡı Kasokuki
Kenkyū Kikō, en. The High Energy Accelerator Research Organization) laboratory in Tsukuba,
Japan. The Belle experiment (together with the BaBAR experiment, located at SLAC National
Accelerator Laboratory in California, USA) was one of the so-called B-Factories; facilities de-
signed to produce large number of B mesons in a clean environment. This goal is obtained by
precisely tuning beam energies, so that the center-of-mass energy of the collision,

√
s, corre-

sponds to the mass of the Υ(4S) resonance, mΥ(4S) ' 10.58GeV. Therefore, in every collision, a
large number of Υ(4S) states is produced, which then quickly decay to a pair of B meson and
its antiparticle:

e+e− → Υ(4S)→ BB (2.1)

The specific design of B factories offers many advantages that are characteristic to those devices.
Among them are:

• Good signal-to-background ratio

Figure 2.1 shows the hadronic cross-section for e+e− collisions in the region of Υ(nS) reso-
nances. The Υ(4S) production cross-section at e+e− collisions is σ(e+e− → Υ(4S) ' 1.1 nb.
The main source of background events comes from the so-called continuum processes, where
e+e− system annihilates into a pair of light quarks, e+e− → qq (q = u, d, s, c), with the
corresponding cross-section σ(e+e− → qq) ' 3.4 nb. This source of background, however,
is characterised by a very unique, jet-like topology and can be efficiently suppressed in the
off-line analysis.
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Figure 2.1. Hadronic cross-section for e+e− collisions as a function of e+e− center-of-mass
energy in the region of Υ(nS) (n ∈ {1, 2, 3, 4}) resonances [17].

• Clean environment

Υ(4S) is a vector state with assigned quantum numbers JPC = 1−−, that can be
identified as the fourth radial excitation level of the bb̄ system. It has a mass
mΥ(4S) = (10.5794± 0.0012) GeV and width Γ = (20.5± 2.5) MeV [18]. It is therefore the
first (i.e., the lightest) bottomonium state that is above the threshhold for B meson pair
production and decays predominantly (B(Υ(4S)→ BB̄) ≈ 96%) to BB̄ pairs. Due to lim-
ited phase space in the Υ(4S)→ BB̄ decay, BB̄ pairs are produced exclusively, i.e., without
other particles.

• Well-defined kinematical constraints
The experimental setup of B Factories provides kinematical constraints that can be ex-
ploited to identify produced B mesons. In the center-of-mass system (CMS)1 of the e+e−

collision, each produced B meson has energy equal to the CMS beam energy, which corre-
sponds to half the energy of the collision:

EB = Ebeam =
√

s/2. (2.2)

This allows to introduce two kinematical variables characteristic to B Factories, the beam-
energy constrained mass (Mbc) and the energy difference (∆E):

Mbc =
√

E2
beam − (prec

B )2, (2.3)

∆E = Erec
B − Ebeam, (2.4)

1Throughout the text, all kinematical variables will be expressed in CMS, if not stated otherwise.
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where prec
B and Erec

B are the reconstructed momentum and energy of the B meson, re-
spectively. Correctly reconstructed B meson candidates lie in the region Mbc ≈ 5.279GeV,
which is the nominal mass of the B meson. The experimental Mbc resolution, σMbc ≈ 3MeV,
is mostly determined by the beam energy measurement precision, and is a few times bet-
ter than the invariant mass of the B meson defined in a standard way. Unlike Mbc, that
depends only on the reconstructed momentum, ∆E is by construction sensitive to particle
mass hypotheses. For correctly reconstructed B candidates, where all final state particles
were correctly identified, ∆E takes values close to zero, which indicates that the recon-
structed energy is close to the nominal one. Incorrect particle identification causes ∆E
distribution to shift towards negative or positive values. The typical ∆E resolution varies
between σ∆E ≈ 15MeV and σ∆E ≈ 40MeV, depending on the B meson decay mode.

In case of B meson decays with one missing particle of known mass, although the com-
plete decay reconstruction is no longer possible, some limited information about B meson
flight direction is still available. In particular, the cosine of the angle between the inferred
direction of the B meson momentum (pB) and the visible momentum of the decay (pvis)
is given by:

cos∠(pB,pvis) = 2EbeamEvis −m2
B −m2

vis + m2
mis

2|pB||pvis|
, (2.5)

where |pB| =
√
E2
beam −m2

B, Evis is the visible energy of the decay, m2
vis = E2

vis − p2
vis

and mmis is the assumed mass of the missing particle. For correctly reconstructed signal
decays, pB lies on the cone around pvis with an opening angle 2∠(pB,pvis) and values of
cos∠(pB,pvis) are constrained to physical region [−1, 1]. The variable (2.5) is often used
to identify semileptonic B → D̄(∗)`+ν` (` = e, µ) decays, for which pvis = pD(∗) + p`,
Evis = ED(∗) + E` and mmis = 0.

• Vertex separation
The Υ(4S)→ BB̄ process is characterised by a small Q value of 200MeV. Therefore, BB̄
pairs are produced almost at rest in the CM frame, with momenta of about 330MeV and
decay lengths of 30µm, too small to be measured. Since the B Factories were designed for
testing time-dependent CP violation, it was necessary to separate two B meson vertices.
This was adressed by introducing asymmetric beam energies; Ee− = 8 GeV, Ee+ = 3.5 GeV
for electron and positron beam, respectively. In such setup, the Υ(4S) state is produced in
flight, with the momentum in the laboratory frame |plab| ≈ (Ee− − Ee+) = 4.5GeV. This
results in larger B meson momenta in that frame and larger flight distances. As a result,
the distance between two B meson vertices along the beam axis becomes large enough
(∆z ≈ 200µm) to be accesible experimentally.
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2.2. Tagging methods

B meson decays to a final state with neutrinos are extremely challenging experimentally as they
offer little to no kinematic constraints usually exploited to separate signal from background
processes. To study processes with missing four-momentum, B factories have developed tagging
methods that rely on the fact that BB̄ pairs are produced exclusively in the Υ(4S)→ BB̄ process
(see section 2.1). Reconstructing one of the B meson, reffered to as the "tag B" (Btag) allows
to:

• remove large fraction of combinatorial background from BB̄ and continuum processes,

• obtain information about the "signal B" (Bsig) such as its momentum and charge.

Over the years, two different variations of tagging algorithms were exploited at Belle; the in-
clusive and the exclusive tagging. A brief summary of both methods is given below. A more
complete description can be found in [19].

2.2.1. Exclusive tagging

The principle idea of the exclusive tagging method is to reconstruct Btag in one of many hadronic
decay channels. In such case, the efficiency of Btag reconstruction is given by:

εtag =
N∑
i

εiBi, (2.6)

where index i runs over all considered Btag decay channels and εi, Bi are respectively the recon-
struction efficiency and branching fraction of a particular Btag decay channel. Although hadronic
decays cover around 80% of B meson decay width, the individual branching fractions Bi are very
low, typically ranging from 10−3 to 10−5. The typical values of εi are in the order of 10%.

The overall reconstruction efficiency can thus be maximised by introducing as many as possible
Btag decay channels and increasing εi. At Belle, this was done through the Full Reconstruction
package that provided the Btag reconstruction efficiency ranging from 0.1% to 0.3% depending
on the desired purity [20].

2.2.2. Inclusive tagging

To further increase the tagging efficiency, Belle developed an alternative approach, called the
inclusive Btag reconstruction. The main difference with respect to exlusive approach is that here
Btag and Bsig are reconstructed in reverse order. The signal side is reconstructed first and, in the
second step, all remaining tracks and clusters are combined together to form the Btag candidate.
This way, Btag is reconstructed in all possible final states, however without explicitly choosing its
decay channel. Thus, the method can provide higher Btag reconstruction efficiency at a cost of
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lower purity. The consistency of inclusively reconstructed Btag with a B meson decay is checked
using standard variables; the beam-energy constrained mass (Mtag) and the energy difference
(∆Etag)2:

Mtag =
√

E2
beam − (prec

tag)2 (2.7)

∆Etag = Erec
tag − Ebeam (2.8)

where prectag ≡
∑
i pi, Erectag ≡

∑
iEi are respectively the sum of momenta and energies of recon-

structed particles that were not assigned to Bsig. Example distributions of Mtag and ∆Etag for
B0

sig → D∗−π+ control sample are shown in Figure 2.2.
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Figure 2.2. Distributions of Mtag in window −0.25 GeV < ∆Etag < 0.05 GeV and ∆Etag

in window Mtag > 5.27 GeV for B0
sig → D∗−π+ control sample from data (points with error

bars) and MC (histograms) [21].

Since the method suffers from higher background and there are no well established tools (like Full
Reconstruction) available, inclusive tagging is, in general, harder to apply and cannot be used in
every analysis. In particular, the method hardly relies on a clean Bsig signature. Nevertheless, it
benefits from higher reconstruction efficiency and can provide larger sensitivity for rare processes.
In fact, the first application of the inclusive tagging at Belle [21] lead to the first observation of
semitauonic B0 → D∗−τ+ντ decay. The follow up studies [22, 23] provided the first evidence for
B+ → D̄0τ+ντ as well as the first D∗− polarization measurements in B0 → D∗−τ+ντ decay.

2Variables Mtag and ∆Etag are equivalent to variables Mbc and ∆E (Equation 2.3-2.4), but defined for tag
side.
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2.3. The KEKB accelerator

The electron and positron beams for the Belle experiment were provided by the KEKB acceler-
ator [24, 25]. Two separate storage rings: HER (high-energy storage ring) and LER (low-energy
storage ring) were continuously injected with the electron and positron beams, previously accel-
erated in Linear Accelerator (Linac) to their full energies3. The beams were brought to collision
with a crossing angle of 22 mrad at the interaction point (IP) surrounded by the Belle detec-
tor. The choice of finite beam crossing angle allowed to eliminate parasitic collisions between
incoming and outgoing bunches.

Linac

Belle detector

IR

Figure 2.3. A schematic view of the KEKB accelerator.

An important feature an e+e− collider is its instantaneous luminosity, that can be expressed
as:

L = f
Nbne−ne+

A
(2.9)

where ne−(ne+) are the numbers of electrons(positrons) in each bunch, Nb is the number of
bunches, f - the circulation frequency and A represents the cross-sectional overlapping area of
the beams at the interaction point. By squishing beams to very small sizes at the interaction
point (≈ 100µm in vertical and ≈ 3µm in horizontal direction) and operating at high beam
currents, KEKB was able to provide the typical luminosity of the order of 1034 cm−2s−1. In
June 2009, it recorded the peak instantaneous luminosity of 2.1× 1034 cm−2 s−1, claiming the
world record at that time.

3The continuous injection mode started after Liniac upgrade in 2004.
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2.4. The Belle detector

The Belle detector [26] was a multifunctional spectrometer composed of several sub-detector
systems. The detector layout is shown schematically in Figure 2.4. From the interaction point: the
Silicon Vertex Detector (SVD), the Central Drift Chamber (CDC), the Time Of Flight Counter
(TOF), the Aerogel Cherenkov Counter (ACC), the Electromagnetic Calorimeter (ECL) and
the K0

L and Muon Detector (KLM). All inner subdetectors (SVD, CDC, TOF, ACC and ECL)
were localised inside the superconducting solenoid that provided a magnetic field of 1.5 T .

ECL

ACC

SVD

TOF

Superconducting
solenoid

8 GeV e-

3.5 GeV e+

KLM

CDC

z

yx

Figure 2.4. A schematic view of the Belle detector.

The coordinates of the Belle detector are represented in the right-handed coordinate system with
the origin at the interaction point, where the z-axis is pointing in the direction opposite to e+

beam and y-axis is pointing upwards. Due to a cylindrical shape of the device, it is useful to define
additional coordinates: the polar angle θ measured from the positive z-axis, the azimuthal angle
φ measured from the positive x-axis and the radial distance in xy-plane r =

√
x2 + y2.
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SVD The SVD was the innermost tracking device, located in the vicinity of the interaction
point. The first version of SVD (SVD1) consisted of three layers of radii 30 mm, 45 mm and
60 mm and covered the polar angle 23◦ < θ < 139◦. Each layer was composed of Double-Sided
Silicon Strip Detectors (DSSD). These are n-type bulk plates segmented with p+ and n+ strips
on each side. The p+ and n+ strips were located in directions parallel and perpendicular to the
beam line, and thus provided measurements in rφ and z direction. In 2003, the the detector was
upgraded to a four-layer system (SVD2). The radii of SVD2 layers were 20 mm, 44 mm, 70 mm
and 80mm and the polar angle acceptance increased to 17◦ < θ < 150◦. In addition, the SVD2
was read out by a newly-developed chip, VA1TA, with improved radiation hardness needed to
cope with increasing accelerator luminosity.

CDC The CDC was a large-volume device located at the central part of the Belle detector.
It had cylindrical shape, with its inner radius of 8 cm and the outer radius of 88 cm. The polar
acceptance of CDC was the same as for SVD2, i.e., 17◦ < θ < 150◦. The detector played three
important roles. First, by measuring track hit coordinates, it provided tracking information
complementary to SVD. Second, it determined particle momenta from track curvature in the
magnetic field. Moreover it contributed to particle identification by providing measurements of
dE/dx within its gas volume. This was particularily important for low momentum tracks, which
did not reach the outer sub-detectors and could only be identified by CDC alone. The detector
volume was filled with the low Z gas mixture (He and C2H6 in equal proportions) that ensured
the minimisation of multiple scattering thus providing the optimal momentum resolution.

ACC The ACC utilised the Cherenkov effect to provide particle identification information for
charged hadrons (K, p, π) in momentum range from 1 GeV to 3.5 GeV . A particle travelling in
a medium with a velocity larger than the phase velocity of light in that medium would cause
the emmision of Cherenkov radiation. Mathematically, the condition for the Cerenkov effect to
occur can be expressed as:

n >
1
β

=

√
1 +

(
m

p

)2
. (2.10)

where β ≡ v/c, n is the refractive index of a medium and v, p,m the particle velocity, momentum
and mass, respectively. From the above expression it can be seen that for a given refractive
index and momentum range lighter particles (π±) would cause the Cherenkov light emission
while others (K±, p±) would not. The ACC comprised of 960 separate modules in the barrel
region and 228 in the forward region, each consisting of silica aerogel blocks with refractive
indices ranging from 1.01 to 1.03 depending on the polar angle. The polar angle coverage was
33.3◦ < θ < 13.6◦ for the barrel part and 13.6◦ < θ < 33.4◦ in the forward endcap.
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TOF The TOF system provided particle identification for kaons and pions with momenta
below 1.2 GeV/c. The mass of a particle was determined by measuring the time T it needed to
reach TOF according to the following relation:

m = p

√(
T

L

)2
− 1, (2.11)

where L is the distance between the interaction point and TOF and p is the particle momentum
measured in the CDC. The Time of Flight system consisted of 128 scintillator counters located
at a radius r = 1.2 m from the interaction point and covered the polar angle range from 34◦ to
120◦.

ECL The ECL was used for photon detection and electron identification. It was made up
of 8736 Thallium doped Cesium Iodide CsI(Tl) crystal blocks that covered the entire tracking
volume of the CDC. Electrons and photons would deposit their energy in the crystals producing
electromagnetic showers and causing the CsI to scintillate. The amount of scintillation light
was then read out by the system of photodiodes and provided the information about deposited
energy. The energy resolution of the ECL was σE/E = 1.3%/

√
E, where E is the photon evergy

in GeV.

KLM The KLM identified KL mesons and muons with momenta above 600 MeV .
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3. Analysis overview

As it was mentioned in chapter 1, B → Kτµ processes studied in this thesis are experimentally
challenging as the existence of at least one neutrino in the final state renders it impossible to
fully reconstruct signal candidates. In this thesis it will be shown however, that in the experi-
mental setup of B factories it is possible to use kinematic constraints characteristic to B → Kτµ

processes in order to efficiently separate them from background events. A clear signal signature
of Bsig decays allows to loosen the selection criteria for tag-side and apply inclusive tagging algo-
rithm. The presented method is complex and contains several steps that are briefly summarised
in this chapter.

3.1. Kinematical description of B → Kτµ decays

Lepton flavour violating B → Kτµ decays1 are kinematically unique in that sense, that there is
only one not (fully) reconstructible particle in the initial state. This is in contrast to any Standard
Model B decays involving τ lepton, such as B → D̄(∗)τ+ντ , where τ is always associated with a
neutrino (or another τ lepton) to preserve lepton flavour. In that sense, B → Kτµ decays are
more similar to light flavour semileptonic B → D̄(∗)`+ν` (` = e, µ) decays mentioned in chapter 2
and offer additional kinematic constraints useful to separate them from abundant background
processes. In particular, one has an access to a powerful discriminating variable, cos∠(pB,pvis)
(Equation 2.5), which takes the form of:

cos∠(psigB ,pKµ) =
2EbeamEKµ −m2

B −m2
Kµ +m2

τ

2|pB||pKµ|
, (3.1)

where pKµ = pvis, EKµ = Evis are respectively the visible momentum and energy of the decay
under assumption that τ is not reconstructed, i.e., assuming mmis = mτ (cf. Equation 2.5). The
superscript ”sig” will be used to explicitly state that here we refer to the momentum of the
signal B meson.

1The same considerations apply to other decays of type B → hτ`(` = e, µ), where h denotes the primary
hadron.
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In case τ decays hadronically, i.e., for B → Kτ(→ hν)µ processes, where h denotes a secondary
hadron (or a system of hadrons), the only undetected particle is the neutrino from τ decay. In
that case, assuming that pvis = pKhµ, Evis = EKhµ, mmis = 0 it is possible to calculate another
angle:

cos∠(psigB ,pKhµ) =
2EbeamEKhµ −m2

B −m2
Khµ

2|pB||pKhµ|
(3.2)

Effectively, equations 3.1, 3.2 indicate that in B→ Kτ(→ hν)µ decay, psigB is constrained on
a cone around pKµ and, at the same time, it lies on a cone around pKhµ. Since both con-
ditions (3.1, 3.2) have to be fulfilled simultaneously, it is easy to notice that there are only
two possible configurations of the B meson momentum, given by the intersection of two cones
(Figure 3.1).

Figure 3.1. A schematic view of B → Kτ(→ hν)µ decay kinematics. The signal B meson
momentum, psigB is constrained on a cone around pKhµ and pKµ momenta. The intersection
of two cones defines two kinematically allowed configurations of psigB , denoted as psigB,±.

Finding for the intersection points allows to analytically recover B meson momentum with a
two-fold ambiguity. A detailed derivation can be found in Appendix A. Two solutions for psigB
are given by:

psigB,± = |pB| (±u â1 + v â2 + w â3) (3.3)

where â1 = p̂Kµ×p̂Khµ
|p̂Kµ×p̂Khµ| , â2 = p̂Kµ−cos∠(pKµ,pKhµ)p̂Khµ

|p̂Kµ×p̂Khµ| , â3 = p̂Khµ. Parameters u, v, w can be
calculated as:
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u = sin∠(psigB ,pKhµ)
√

1− sin2 φ (3.4)

v = sin∠(psigB ,pKhµ) sinφ (3.5)

w = cos∠(psigB ,pKhµ) (3.6)

where φ is the angle that specifies the position of psigB on a cone around pKhµ momentum2. The
value of sinφ can be expressed as:

sinφ = cos∠(psigB ,pKµ)− cos∠(psigB ,pKhµ) cos(pKµ,pKhµ)
sin∠(pKµ,pKhµ) sin∠(psigB ,pKhµ)

. (3.7)

The great advantage of this procedure is that it allows to recover Bsig momentum in a way that
is independent of Btag reconstruction. Moreover, the variable sinφ is also a good discriminator
between signal and background. As it will be shown in subsection 4.3.3, the values of sinφ
for correctly reconstructed B → Kτ(→ hν)µ decays lie in physical region −1 < sinφ < 1,
with small deterioration due to finite detector resolution, while the distribution of sinφ for
background processes is much broader and extends to unphysical region | sinφ| > 1. Therefore
B → Kτ(→ hν)µ decays can be efficiently identified based on sinφ distribution. Some sort of
tagging is still necessary in that case in order to increase the signal-to-background ratio, but
a clear signal signature allows to reconstruct Btag inclusively (cf. section 2.2), which in turn
increases the efficiency. The momenta of the reconstructed Btag (ptagB ) and Bsig (psigB,±) provide
additional useful information. In particular the variable:

cos∠(psigB ,ptagB )min ≡ min
[
cos∠(psigB,+,p

tag
B ), cos∠(psigB,−,p

tag
B )

]
(3.8)

which is the smaller value of the cosine of the angle between ptagB and one of the solutions for
psigB , can be used to further discriminate background events. For events where both Bsig and
Btag were correctly reconstructed, the distribution of cos∠(psigB ,ptagB )min will peak around −1,
since two B mesons are produced back-to-back in the Υ(4S)→ BB̄ decay, while for background
events the distribution will be broader.

3.2. Reconstruction of Bsig and Btag

The starting point of the analysis that relies on inclusive Btag reconstruction is the choice of
Bsig decays. In this work, the following channels were considered3:

B+ → K+τ+µ−, (3.9)

B+ → K+τ−µ+. (3.10)
2The angle φ was shown schematically in Figure 3.1, while its actual definition, and meaning is presented in

Appendix A.
3Charge conjugate modes are implicitly included throughout the text.
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τ lepton was reconstructed exclusively in one prong hadronic τ− → π−ντ mode. This particu-
lar choice was a compromise between its relatively large branching fraction, B(τ− → π−ντ ) =
10.82 ± 0.05 [18], and good reconstruction efficiency in comparison to other hadronic modes,
such as τ− → π−π0ντ . Leptonic τ modes, although are expected to have lower combinatorial
background4, were not considered because the existence of two neutrinos in the final state does
not allow to apply all kinematical constraints described in section 3.1. After selecting the Bsig
candidate, the remaining tracks and clusters are combined together to form Btag. To further
improve the quality of Btag reconstruction and increase the background suppression, additional
requirements on the total event charge as well as the number of charged and neutral parti-
cles assigned to Btag are imposed. Signal-side decays are identified based on sinφ distribution,
where selecting events in region sinφ ∈ [−1, 1] checks if the reconstructed Bsig is kinematically
compatible with B → Kτ(→ πντ )µ decay.

3.3. Signal yield extraction

In the presented method of the inclusive Btag reconstruction, Bsig candidates are found first
and then it is checked if the remaining tracks and clusters are consistent with the hypothesis
that they originate from the accompanying B meson (Btag). In such approach, the Bsig decay
can be observed in characteristics of the recoiling Btag. In particular, the variable Mtag will
be sensitive to the proper assignment of Bsig daughers to its decay. If the Bsig candidate was
properly selected and all final state particles were correctly split between Bsig and Btag, the
distribution of Mtag will peak around true B meson mass. The final signal yield can thus be
extracted from the fit to Mtag distribution, provided that the background was reduced to an
acceptable level.

4This is related to the environment of B factories, where charged hadrons are produced more copiously than
leptons.
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4. Monte Carlo studies

This chapter describes the main analysis chain. The analysis procedure was established using
Monte Carlo generated events. Application to experimental Belle dataset was not performed
yet, in order to avoid the experimenter’s bias.

4.1. Monte Carlo samples

Generic Monte Carlo To model different sources of background processes, the so-
called Generic Monte Carlo samples were used. These samples were produced centrally
and are made available for all collaboration members. Generic Monte Carlo contains both
e+e− → Υ(4S)→ BB̄ and e+e− → qq̄(q = u, d, s, c) processes that are divided into four cat-
egories1:

• e+e− → Υ(4S)→ B+B−,

• e+e− → Υ(4S)→ B0B̄0,

• e+e− → qq̄, q = u, d, s,

• e+e− → cc̄.

Experimentally known B meson decays were generated using EvtGen [27], whereas unknown
B meson decays and continuum processes were reproduced with PYTHIA [28]. In addition,
PHOTOS [29] package was employed to account for the final state radiation of charged particles.
The detector response was performed by GEANT3 [30].

Generic Monte Carlo events are divided into subsets called streams. Each stream corresponds to
the integrated luminosity of the full Belle data set (Lint = 711fb−1) and is further divided into
several data-taking periods (experiments). This way, the experiment-by-experiment differences,
present in real data, are taken into account and are correctly reproduced in the simulation.
There are ten streams of BB̄ (B0B̄0 and B+B−) and six streams of continuum (e+e− → qq̄
(q = u,d, s, c)) events available for common use. In this thesis, three streams of Generic Monte
Carlo for each category will be used to evaluate background contributions, as it will be described
later.

1Continuum processes involving c quarks often lead to charmed meson production and therefore are treated
separately.
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Signal Monte Carlo To estimate the selection efficiency for signal decays, dedicated Signal
MC samples where one B meson (Bsig) decays according to a signal decay model and the other
(Btag) decays generically were used. Due to a priori unknown decay dynamics, signal decays
were generated according to a uniform three-body phase space model. Since no such samples
were available, they were generated by the author himself. The events were produced using the
same software as the one used for Generic MC production, i.e., EvtGen (+PHOTOS) for decay
modelling, followed by GEANT3 for detector response. In total, 5 × 106 events were generated
for each B+ → K+τ±µ∓ decay channel.

4.2. Particle selection and identification

Charged tracks Charged tracks are required to originate from the vicinity of the interaction
point. Each track has to satisfy the criteria based on distance of the closest approach (DOCA)
with respect to the interaction point(IP): in the transverse direction, dr < 1cm and along
the beam axis |dz| < 4cm. In addition, each track is required to have transverse momentum
in the laboratory frame, pT > 50MeV , which reduces the background from low-momentum
particles.

At Belle, charged hadrons (x = K, p, π) are identified based on measurements from three sub-
detectors: CDC, TOF and ACC. The information from all subdetectors is then combined to
determine the likelihood for a track to originate from a given particle x:

Lx = LCDCx × LACCx × LTOFx , (4.1)

where LCDCx , LACCx , LTOFx are the likelihoods based on information from CDC, ACC and TOF,
respectively. For each track, the likelihood ratio is determined as [31]:

Rx|y = Lx
Lx + Ly

. (4.2)

The ratio Rx|y is then used to separate signal particle x from background particle y. For instance,
RK|π > 0.6 would mean a clean kaon signature, with a small pion misidentification rate.

Electrons are identified based on measurements from ECL, CDC and ACC. The electron iden-
tification likelihood is defined as [32]:

Re = Le
Le + L¬e

, (4.3)

where Le (L¬e) is the electron (non-electron) likelihood. For muon identification, the normalised
muon likelihood is used [33]:
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Rµ = Lµ
Lµ + Lπ + LK

, (4.4)

which is determined based on measurements from KLM.

Accepted tracks are assigned mass hypotheses based on standard Belle identification criteria
(Table 4.1).

Table 4.1. Charged track selection and identification criteria.

Candidate Selection
Charged tracks dr < 1cm ∧ |dz| < 4cm
e∓ Re > 0.9 ∧Rµ < 0.98 ∧RK|π < 0.98
µ∓ Rµ > 0.9 ∧Re < 0.98 ∧RK|π < 0.98
K± RK|π > 0.6 ∧Rµ < 0.98 ∧Re < 0.98
p± Rp|π > 0.6 ∧Rp|K > 0.6 ∧Rµ < 0.98 ∧Re < 0.98

π0 mesons π0 candidates are reconstructed from photon pairs having invariant mass in range
118MeV < mγγ < 150MeV . To reduce the combinatorial background, photons originating from
π0 are required to have energy above 50MeV in barrel part of the ECL and above 100MeV

in endcaps. For each pair, a mass-constrained vertex fit is perfomed which improves the recon-
structed momentum resolution. Among π0 candidates that shared a common γ daughter, the
one with with the lowest χ2 value of the vertex fit is selected.

Photons Photons that are not associated with π0 are accepted based on energy require-
ments that range from 100MeV to 200MeV , depending on their polar angle in the ECL (Ta-
ble 4.2).

Table 4.2. Photon selection criteria.

ECL Region Selection
−0.75 < cos θ ≤ 0.5 Eγ > 100MeV
0.5 < cos θ ≤ 0.6 Eγ > 160MeV
0.6 < cos θ ≤ 0.7 Eγ > 180MeV
0.7 < cos θ ≤ 0.85 Eγ > 200MeV

The above selection is optimised to reject soft photons originating from beam background and
secondary interactions in the electromagnetic calorimeter. The sum of energies of clusters that
do not fulfill the photon selection requirements, called the residual energy Eres, is calculated and
used as a discriminating variable later on.
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4.3. Event reconstruction

4.3.1. Preselection

As it was mentioned in section 3.2, the event reconstruction starts with selecting Bsig candidates.
Each event is required to contain three tracks: aK+ (K− for charge conjugate modes) candidate,
a muon candidate and a pion candidate with charge opposite to that muon. From now on a
K+µ±π∓ triple will be reffered to as the Bsig candidate. At this point it is allowed to have
multiple Bsig candidates per event, while after the final selection only one candidate will be
kept. For each Bsig candidate the event is searched for the remaining tracks and clusters that
are not assigned to this Bsig and those are assumed to originate from the Btag decay. The sum
of momenta and energies of those is used to calculate variables Mtag and ∆Etag (cf. section 2.2).
At this stage, all candidates are required to pass the following preselection requirements:

• Mtag > 5.2 GeV,

• −0.5 GeV < ∆Etag < 0.3 GeV,

• Normalised second Fox-Wolfram moment [34]: R2 < 0.4.

The purpose of this selection is to reduce data sample to a manageable level by rejecting events
that are not useful for further analysis. The first two requirements are loose contraints on Btag re-
construction quality. The third requirement rejects around 30% of continuum background, while
retaining 98% of BB̄ events. The signal efficiency2 and the number of reconstructed background
events after the preselection are reported in Table 4.3. At this stage, the expected background
levels are still large. Further background suppression will be obtained by exploiting properties
characteristic to Btag and Bsig decays, which will be described in next subsections.

Table 4.3. The signal efficiency and the number of background events that pass the preselec-
tion criteria. The number of background events was normalised to the integrated luminosity
in full Belle dataset.

Decay mode
Nbackground Signal

efficiency
[%]

B+B− B0B̄0 e+e− → qq̄

(q ∈ u, d, s)
e+e− → cc̄

B+ → K+τ+µ− 3.89× 106 3.53× 106 1.72× 106 2.64× 106 4.86%
B+ → K+τ−µ+ 4.76× 106 4.39× 106 1.53× 106 2.79× 106 4.86%

2Here, the signal efficiency is defined as the ratio between the number of reconstructed signal events that pass
the selection and the number of generated events in Signal Monte Carlo sample. Only the events with correctly
reconstructed (true-matched) Bsig candidate are considered.
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4.3.2. Btag characteristics

The distributions of Mtag and ∆Etag after the preselection, for Bsig candidates reconstructed in
Signal and Generic Monte Carlo samples are shown in Figure 4.1. For background evaluation,
three streams of Generic Monte Carlo samples were used, which were then scaled down by a
factor of 1/3 to normalise them to the integrated luminosity recorded in the full Belle dataset.
All background processes are divided into four categories (see section 4.1) representing different
background contributions and drawn additively in correct proportion. The histogram for signal
candidates (correctly selected Bsig candidates reconstructed in Signal Monte Carlo sample),
normalised to the same area as the total background histogram was shown for comparison.
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Figure 4.1. Distributions of ∆Etag and Mtag after the preselection for B+ → K+τ+µ−

(left) and B+ → K+τ−µ+ (right) channel.

As it can be seen, the characteristics of the inclusively reconstructed Btag are different between
signal and background. For signal candidates, where Bsig is properly selected, all the remaining
tracks and clusters should ideally originate from Btag produced the Υ(4S)→ BsigBtag decay. In
that case, the distributions of ∆Etag andMtag should show narrow structures around ∆Etag ≈ 0
and Mtag ≈ 5.279 GeV , indicating a correctly reconstructed Btag decay. In fact, for events with
fully reconstructed Btag, distributions of Mtag and ∆Etag are expected to be similar to those
obtained by exclusive reconstruction, however with deteriorated resolution due to averaging over
many different Btag decay modes.
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In practice, even if Bsig is properly selected, distributions of Mtag and ∆Etag will contain events
where not all final state particles were detected and assigned to Btag. The distribution of ∆Etag

is asymmetric and shows an excess of events in region ∆Etag < 0, which is caused by the finite
detection efficiency and semileptonic transitions in Btag decay chain. The source of events with
positive values of ∆Etag, much above the expected resolution, are spurious showers in the elec-
tromagnetic calorimeter caused by the beam background or secondary interactions of hadrons.
In contrast to ∆Etag distribution, that is very broad and asymetric, the distribution of Mtag

shows a more pronounced peak around true B meson mass. This is because Mtag is not sensi-
tive to loosing very slow particles or adding additional clusters to Btag. Such contributions add
linearly to ∆Etag, but tend to average in the vector sum prec

tag =
∑

pi, used to evaluate Mtag

(Equation 2.7, Equation 2.8).

For background processes, the particles assigned to Bsig candidate (K+µ±π∓ triple) do not
necessarily originate from a single B meson decay3, but are rather a random combination of tracks
originating from different sources; a mixture of B and B̄ decay products for BB̄ background or
quark fragmentation products in case of continuum processes. In that case, also the tracks and
clusters assigned to Btag do not originate from its decay (at least not all of them) and therefore
the distributions of ∆Etag and Mtag will show a combinatorial shape; with no obvious peaking
structure that would indicate a correctly reconstructed B meson decays.

The quality of the Btag reconstruction can be improved by rejecting events in which not all
particles were detected and those that receive a sizeable contribution from spurious showers. In
further selection, events were accepted if they satisfied the following requirements:

A.1 The total event charge: Qtot = 0,

A.2 The numer of leptons on tag side: Ntag
leptons = 0,

A.3 The number of neutral particles on tag side: Ntag
γ + Ntag

π0 < 5,

A.4 Residual energy in the ECL (section 4.2): Eres < 0.6GeV.

The first requirement rejects events in which some of the charged particles were not detected.
The second requirement rejects Btag decays involving semileptonic transitions, that suffer from
incomplete kinematic information. The last two selections remove events with a large number
of spurious showers in the ECL. A set of criteria A.1−A.4 will be reffered to as the "Btag
selection".

3This is not entirely true as some B meson decays can produce final states that are identical to signal. For
example, a semileptonic decay B+ → D̄0µ+ν̄µ followed by D̄0 → K+π− has final state identical to B+ →
K+τ−(→ π−ντ )µ+ signal decay. If the visible B+ → D̄0(→ K+π−)µ+ν̄µ decay producs (K+π−µ+ triple) are
treated as the Bsig candidate, and the remaining particles, originating from accompanying (hadronic) B meson
decay are all reconstructed, then the distributions of ∆Etag and Mtag will show peaking structures, similar to
those for signal decays. This type of background will be discussed separately in later subsections.
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The result of applying requirements A.1−A.4 on Btag reconstruction quality is illustrated
in Figure 4.2, that shows two-dimensional distributions of Mtag − ∆Etag for candidates re-
constructed in Signal Monte Carlo sample. As it can be seen, rejecting events in which
some of the particles were not detected, or were falsely added to Btag improves the res-
olution in ∆Etag, Mtag variables. As a result, most of the reconstructed signal candidates
are localised within small window: −0.25GeV < ∆Etag < 0.05GeV ∧Mtag > 5.27GeV. The re-
gion −0.25GeV < ∆Etag < 0.05GeV ∧Mtag > 5.27GeV will be called the signal region hence-
forth.
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Figure 4.2. Distributions of Mtag − ∆Etag for candidates reconstructed in Signal Monte
Carlo sample after selection A.1−A.4, for B+ → K+τ+µ− (left) and B+ → K+τ−µ+

(right) channel. The signal region −0.25GeV < ∆Etag < 0.05GeV ∧Mtag > 5.27GeV was
indicated by a red rectangle.

Figure 4.3 shows one-dimensional projections of ∆Etag in window Mtag > 5.27GeV and Mtag

in window −0.25GeV < ∆Etag < 0.05GeV (in other words: one variable was plotted in signal
window of the other variable). For signal candidates, the distribution of ∆Etag shows a clear
peak around ∆Etag ≈ 0, which comes from fully reconstructed Btag decays. A less pronounced
structure around ∆Etag ≈ −0.15GeV originates from candidates with undetected slow particles,
that do not significantly deteriorate the resolution of Mtag. For signal candidates lying in region
−0.25GeV < ∆Etag < 0.05GeV , the distribution of Mtag shows a clear peak around true B
meson mass, with about 80% of the candidates constrained in window Mtag > 5.27GeV .

The procedure described above, when applied to Signal Monte Carlo, allows to select a rela-
tively clean sample of events where one B meson (Btag) decays hadronically and is properly
reconstructed. Applying requirements A.1−A.4 also changes the composition of background.
As it can be seen in Figure 4.3, the distributions of ∆Etag and Mtag for background processes,
although still dominated by combinatorial effects, also contain events where Btag is properly
reconstructed. An excess of candidates around ∆Etag ≈ 0 ∧Mtag ≈ 5.279GeV originates from
BB̄ events in which one B meson decayed to the same final state as signal (for example, the
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Figure 4.3. Distributions of ∆Etag in window Mtag > 5.27GeV and Mtag in window
−0.25GeV < ∆Etag < 0.05GeV for B+ → K+τ+µ− (left) and B+ → K+τ−µ+ (right)
channel. All candidates pass the requirements A.1−A.4.

B+ → D̄0(→ K+π−)µ+ decay mentioned before), while the other decayed hadronically and was
fully reconstructed. This type of background cannot be removed based on Btag properties and
will be suppressed by exploiting observables characteristic to Bsig decay.
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4.3.3. Bsig characteristics

Kinematic constraints The distributions of sinφ for candidates that pass selection A.1−A.4
and lie in signal region −0.25GeV < ∆Etag < 0.05GeV ∧Mtag > 5.27 GeV are shown in Fig-
ure 4.4. For correctly reconstructed signal decays, values of sinφ lie in physical region −1 <

sinφ < 1, however with small deterioration due to a finite detector resolution. The distribution
for background processes is much broader and extends to unphysical region | sinφ| > 1.
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Figure 4.4. Distributions of sinφ for B+ → K+τ+µ− (left) and B+ → K+τ−µ+ (right)
modes. All candidates satisfy requirements A.1−A.4 and lie in signal window: −0.25GeV <

∆Etag < 0.05GeV ∧Mtag > 5.27 GeV .

Based on these considerations, the further analysis was constrained to region:

B.1 −1 < sinφ < 1

The selection described above is around 80% efficient for signal decays and removes about 98%
of background events Table 4.4.

Table 4.4. Relative selection efficiency for | sinφ| < 1 requirement, calculated with respect
to the number of reconstructed events that pass selection A.1−A.4 and lie in signal window:
−0.25GeV < ∆Etag < 0.05GeV ∧Mtag > 5.27 GeV.

Relative selection efficiency

Decay mode B+B− B0B̄0 e+e− → qq̄

(q ∈ u, d, s)
e+e− → cc̄ Signal

B+ → K+τ+µ− 1.75% 0.78% 1.27% 0.95% 80.24%
B+ → K+τ+µ− 2.42% 1.17% 1.25% 0.85% 80.31%
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BB̄ background After imposing requirements on sinφ, the dominant background is from BB̄

events. The dominant background depends on the relative charge of the kaon and muon:

• For B+ → K+τ−µ+ candidates, the dominant background is from semileptonic B decays
of type B → D̄(→ K+π−X)µ+ν, where X refers to additional particles that are either not
reconstructed or are added to Btag.

• For B+ → K+τ+µ− candidates, the dominant background comes from B decays followed
by semileptonic D decays. For example, a D̄0 → K+µ−νµ decay, together with an addi-
tional π+ can mimick signal.

To remove this source of background, the selection on mKπ; the invariant mass of the kaon
candidate and the oppositely-charged Bsig daughter for which pion mass hypothesis is assumed,
was imposed. The distributions of mKπ are shown in Figure 4.5. The distributions of mµµ are
shown in Figure 4.5.
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Figure 4.5. Distributions of mKπ for B+ → K+τ+µ− (left) and B+ → K+τ−µ+ (right)
modes. All candidates satisfy requirements A.1−A.4 and lie in Btag(−0.25GeV < ∆Etag <
0.05GeV ∧Mtag > 5.27 GeV ) and Bsig (−1 < sinφ < 1) signal regions. The normalisation
of signal histograms is arbitrary.

To remove this type of background the following selection was imposed in the further analy-
sis:

B.2 mKπ > 1.95GeV

This requirement removes background arising from mentioned processes at a relative cost of
about 0% signal efficiency.
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Another source of an irreducible BB̄ background comes from B decays involving charmonium
resonances; B+ → K+J/ψ(→ µ+µ−) and B+ → K+ψ(2S)(→ µ+µ−). If one of the muons is
misidentified as a pion, such processes can mimick signal decays.

This source of background was rejected by imposing a selection on the variable mµµ, which is
the invariant mass of the πµ pair, where pion was assigned with a muon mass hypothesis.
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Figure 4.6. Distributions of mµµ for B+ → K+τ+µ− (left) and B+ → K+τ−µ+ (right)
modes. All candidates satisfy requirements A.1 − A.4, lie in Btag(−0.25GeV < ∆Etag <
0.05GeV ∧Mtag > 5.27 GeV ) and Bsig (−1 < sinφ < 1) signal regions and pass mKπ >

1.95 GeV selection. The normalisation of signal histograms is arbitrary.

In further selection, the following requirements were imposed:

B.3 mµµ /∈ [3.03, 3.14]GeV

B.4 mµµ /∈ [3.60, 3.75]GeV .

These selections remove background arising from B+ → K+J/ψ(→ µ+µ−), and B+ →
K+ψ(2S)(→ µ+µ−) processes at a minimal cost of signal efficiency.
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4.4. The best candidate selection

As it was mentioned, in some events more than one Bsig candidate satisfying the selection criteria
can be found. After the final selection, more than one candidate is reconstructed in 0.5% (0.6%)
of events from B+ → K+τ+µ− (B+ → K+τ−µ+) signal MC samples. In such events, only "the
best" (i.e., the one with a highest probability to be the true one) candidate is kept, while the
others are rejected. In case of multiple candidates per event, the one with the highest confidence
level of the vertex fit of the Btag decay was chosen. This procedure selects the correct (true)
candidate in about 90% of events with multiple Bsig entries reconstructed in Signal Monte
Carlo. The results of applying the best candidate selection on Mtag spectrum is illustrated in
Figure 4.7.
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Figure 4.7. Distributions of Mtag for events with multiple Bsig candidates recon-
structed in Signal Monte Carlo samples, for B+ → K+τ+µ− (left) and B+ →
K+τ−µ+ (right) modes. Blue histograms represent accepted (best), red histograms- re-
jected candidates. The events satisfy requirements A.1−A.4 ∧ B.1− B.4 and lie in window
−0.25GeV < ∆Etag < 0.05GeV. Histograms are normalised to unit area.

The selection on cos
(
psigB ,ptagB

)min
was optimised by maximizing the Punzi figure of merit

(FOM) [35]:

FOMPunzi = ε(t)
a/2 +

√
B(t)

, (4.5)

where a is the desired confidence level (CL) in units of standard deviations corresponding to a
one-sided Gaussian test, while ε(t) and B(t) are respectively the signal efficiency and the number
of remaining background events as a function of a selection t. A 90% CL (a = 1.64) was chosen
for this optimisation. The advantage of using this particular figure of merit is that it does not
rely on the a priori unknown branching fraction of signal processes.
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5. Signal extraction method

The ultimate goal of this analysis is to extract the signal yields of searched B+ → K+τ±µ∓

processes from experimental Belle dataset. In the method presented in this thesis, the signal
decays will be observed indirectly; in characteristics of the recoiling Btag. Applying all selection
criteria, described in chapter 4, results in flat Mtag distribution for all background compo-
nents, while the distribution for signal events shows a prominent structure around true B meson
mass, Mtag ≈ 5.279GeV . Exploiting these shape differences allows to use Mtag distribution
to separate signal from background events. The signal yield will be extracted by an unbinned
extended likelihood (UEML) fit to Mtag distribution, for events that pass the final selection:
A.1−A.4 ∧ B.1− B.4 and lie in −0.25 < ∆Etag < 0.05GeV window.

5.1. Fitting procedure

As it was mentioned, in this analysis, the signal yields will be extracted by an unbinned extended
maximum likelihood (UEML) fit to Mtag distribution. This technique has become popular in
High Energy Physics, especially for rare signal searches, as it correctly takes into account the
Poisson distribution of the number of observed events. The likelihood function was constructed
as follows:

L = (Nsig +Nbkg)N

N ! e−(Nsig+Nbkg)
N∏
i=1

[
Nsig

Nsig +Nbkg
fs(M i

tag) + Nbkg

Nsig +Nbkg
fb(M i

tag)
]
, (5.1)

where index i runs over all fitted events, N. fs and fb are the probability density functions
(PDFs) for signal and background components, whose shape parameters were fixed from fits to
Signal and Generic Monte Carlo samples, as it will be described in section 5.2. Free parameters
of the fit are the number of signal and background events; Nsig and Nbkg. The goal of the UEML
method is to find the values of Nsig and Nbkg that maximise the likelihood, or in other words,
that best describe the observed data.
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5.2. Probability density functions for signal and background

The advantage of using Mtag distribution for signal extraction is its known parametrisation for
both signal and background components:

• Signal component, fs, was described using the Crystal Ball function [36]:

CB(x; J,A,M,W ) =


C

(
J
|A|

)J
e−

A2
2(

J
|A|−|A|−

x−M
W

)J for (x−M)/W < −|A|

Ce−
1
2 (x−MW )2

for (x−M)/W > −|A|,

(5.2)

where C is the normalisation factor and J, A, M, W are the shape parameters. The Crystal
Ball function is effectively a modified Gaussian curve, that is often used to model B meson
decays to final states with a large number of neutral particles. It consist of a Gaussian core
and a power-low tail below a certain threshold. Parameters M and W represent respectively
the mean and the width of the Gaussian part, while A and J describe the shape of the
power-low tail.

• To model the background component, fb, the Argus function was used [37]:

AR(x; ξ) = D

√
1−

(
x

Ebeam

)2
e
ξ

[
1−
(

x
Ebeam

)2
]

(5.3)

where D is the normalisation factor and the parameter ξ controls the shape of the distri-
bution.

The shape parameters of the Crystal Ball and Argus functions were determined by fitting the
Mtag distributions for events reconstructed respectively in Signal and Generic Monte Carlo
samples. The fitted distributions are shown in Figure 5.1. The extracted parameters are reported
in Table 5.1 and Table 5.2.
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(a) B+ → K+τ+(→ π+ν̄τ )µ−
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(b) B+ → K+τ−(→ π−ντ )µ+

Figure 5.1. Distributions of Mtag for events that pass the final selection (A.1−A.4∧B.1−
B.4) and lie in −0.25GeV < ∆Etag < 0.05GeV window. (top) signal fitted with the Crystal
Ball function, (bottom) background fitted with the Argus function. Three streams of Generic
Monte Carlo were used for evaluating background shape.

Table 5.1. Crystal Ball function shape parameters for individual decay modes obtained
from signal MC samples.

Decay channel J A M [GeV] W [MeV]

B+ → K+τ+µ− 3.03± 0.15 0.792± 0.033 5.2796± 0.0001 3.384± 0.071
B+ → K+τ+µ− 3.08± 0.16 0.763± 0.029 5.2797± 0.0001 3.325± 0.058

Table 5.2. Argus function shape parameter for individual decay modes obtained from
generic MC samples.

Decay mode ξ

B+ → K+τ+µ− −19.4± 2.7
B+ → K+τ−µ+ −25.2± 3.7
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5.3. Fit validation

In order to verify the stability of the fitting algorithm, several tests were performed. The pro-
cedure relies on generating pseudo data sets- the so-called Toy MC experiments. In each Toy
MC experiment, events are generated according to their PDF shapes, established in section 5.2,
with the number of signal and background events being Poisson distributed around the expected
(input) values. Generated events are then fitted using the same PDF parameters. The proce-
dure allows to verify if the signal and background yields, Nsig and Nbkg, extracted from the fit,
are consistent with the true (generated) values and if the uncertainties of those are properly
estimated.

Robustness of the fit was examined by generating 5000 Toy MC experiments. The procedure
was repeated several times for different number of input signal events, varying from 0 to 20,
while the input number of background events was set to the expected number of background
events in data.

The results of the Toy MC studies are illustrated in Figure 5.2 and Figure 5.3 that show the
distributions of the extracted number of signal events (Nfit

sig ), the uncertainty of the extracted
number of signal events (σfit) and the pull distributions defined as the difference between the
fitted and expected number of events in units of uncertainty:

Npull
sig =

Nfit
sig −N

exp
sig

σfit
. (5.4)

Three different cases for input number of signal events Ngen
sig = 0, 10, 20 were shown for illustra-

tion. The mean value and σ of the pull distributions, being consistent with 0 and 1, indicate that
the there is no bias in fitting procedure and the fit uncertainty of is properly estimated.
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Figure 5.2. Distributions of Nfit
sig (left), σfit (center) and (Nsig − Nexp

sig )/σfit (right) for
B+ → K+τ+(→ π+ν̄τ )µ− mode obtained from 5000 toy MC experiments.
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Figure 5.3. Distributions of Nfit
sig (left), σfit (center) and (Nsig − Nexp

sig )/σfit (right) for
B+ → K+τ−(→ π−ν̄τ )µ+ mode obtained from 5000 toy MC experiments.
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5.4. Upper limit estimation

Toy MC ensembles were also used to calculate the expected upper limit (UL) on the number of
signal events with the frequentist method. In this method, a scan through a range of possible
signal yields is done by generating 5000 Toy experiments with different number of signal events,
as described in section 5.3. For each value of input signal events, the fraction of experiments
with the fitted signal yield larger than zero was calculated. These fractions, which correspond
to confidence levels (CLs) are plotted as a function of input signal events in Figure 5.4. The
input number of signal events for which 90% of experiments give a signal yield larger than zero
is taken as the 90% CL upper limit 1.
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Figure 5.4. Confidence level vs Ngenerated
sig obtained from 5000 toy MC experiments.

Upper limit on signal branching fraction was calculated using the following formula:

BU.L =
NU.L.
sig

NBB̄ × B(τ → πν)× ε (5.5)

where NBB̄ = 7.7× 108 is the number of BB̄ pairs produced in full Belle dataset, B(τ → πν) =
10.82% is the branching fraction for reconstructed τ decay and ε is the reconstruction efficiency
evaluated from signal Monte Carlo separately for each B decay mode (B+ → K+τ+µ− and
B+ → K+τ−µ+). The estimated upper limits are summarised in Table 5.3.

Table 5.3. Upper limit estimates for signal branching fraction.

Decay mode ε NU.L.
sig BU.L

B+ → K+τ+(→ π+ν̄τ )µ− 2.8× 10−3 13.1 5.6× 10−5

B+ → K+τ−(→ π−ντ )µ+ 2.2× 10−3 10.9 6.0× 10−5

1This way, the quoted upper limit is calculated under assumption of no observed signal.
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6. Summary

In this thesis, the novel analysis method for the search of B+ → K+τ±µ∓ processes that can be
applied in B factory environment was presented. The distinct kinematics of signal decays was
exploited to construct observables that can be used to identify B+ → K+τ±µ∓ processes, in a
way that, in principle, does not require tag-side reconstruction at all. A loose (inclusive) Btag
reconstruction was applied only to improve the signal-to-background ratio and for signal yield
extraction.

The event reconstruction and selection was optimised based on Monte Carlo simulated events,
dedicated for Belle experiment. The expected 90% CL upper limits on signal branching fractions
(assuming phase space signal decay model), calculated under assumption of no observed signal
in data, were found to be B(B+ → K+τ+µ−) = 5.6×10−5 and B(B+ → K+τ−µ+) = 6.0×10−5,
where only statistical uncertainties were considered. These values, although should be treated
with care as they do not include systematic uncertainties, are comparable with the previous
measurements done at BaBAR and LHCb (Table 1.1). It is worth mentioning that the previous
measurements were done using inclusive "one-prong" τ decays, while the studies presented in
this thesis were performed only with a single τ− → π−ντ mode, which effectively reduces the
available dataset 8 times (the branching fraction for τ decays to a "one-prong" final state is
approximately 85%).

The expected sensitivities can be further improved by applying more advanced selection tech-
niques. An interesting approach would be to replace some of the rectangular selections by mul-
tivariate algorithm(s), that would take advantage of the correlations between variables used for
the selection. These studies, although interesting in the long run, require more work and were not
yet addressed in this thesis. Introducing too many variables or complicated, non-linear selectors
can largely increase the eventual systematic uncertainty of the measurement, especially in case
of unreliable Monte Carlo simulation. Therefore, at this early stage of the analysis, rather than
aiming for the best upper limit estimate, the stress was put on verifying the new measurement
technique, understanding the main sources of background and describing them properly.
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A. B momentum recovery - derivation

A sequential decay Bsig → Kτ(→ hν)µ satisfies the following four-momentum conservation
rules:

psig
B = pK + pτ + pµ (A.1)

pτ = pν + ph (A.2)

Using A.1, A.2 and recalling that m2 ≡ p2, the following relations can be written:

m2
ν = p2

ν = (psig
B − pKhµ)2 (A.3)

m2
τ = p2

τ = (psig
B − pKµ)2 (A.4)

where mB, mτ are the masses of B and τ , respectively and the shorthand pKh(µ) ≡ pK + ph (+pµ)
was introduced to simplify the notation. Evaluating the right-hand side of A.3, A.4 one
gets:

m2
ν = −2EBEKhµ + m2

B + m2
Khµ + 2|pB||pKhµ| cos∠(psig

B ,pKhµ) (A.5)

m2
τ = −2EBEKµ + m2

B + m2
Kµ + 2|pB||pKµ| cos∠(psig

B ,pKµ) (A.6)

Under assumption that EB = Ebeam and mν = 0 it is possible to express cos∠(psig
B ,pKhµ) and

cos∠(psig
B ,pKµ) using measured quantities:


cos∠(psig

B ,pKhµ) =
2EbeamEKhµ −m2

B −m2
Khµ

2|pB||pKhµ|
(A.7)

cos∠(psig
B ,pKµ) =

2EbeamEKµ −m2
B −m2

Kµ + m2
τ

2|pB||pKµ|
(A.8)

42



As it was mentioned in chapter 3, the system of equations A.7, A.8 indicate that in B → Kτ(→
hν)µ decay, the B meson momentum is simultaneously constrained on cones around pKµ and
pKhµ. Two kinematically allowed configurations of psigB are given by the intersection of two cones
(Figure A.1).

Figure A.1. Schematic view of B meson momentum determination procedure. The signal
B meson momentum, psigB is constrained on a cone around pKhµ and pKµ momenta. The
intersection of two cones defines two kinematically allowed configurations of psigB , symmetric
with respect to the plane spanned by p̂Kµ and p̂Khµ vectors, that were denoted as psigB,±.

To find the solutions for psigB,± it is useful to first introduce two bases:

A = {â1, â2, â3} = { p̂Kµ × p̂Khµ
|p̂Kµ × p̂Khµ|

,
p̂Kµ − cos∠(pKµ,pKhµ)p̂Khµ

|p̂Kµ × p̂Khµ|
, p̂Khµ} (A.9)

B = {b̂1, b̂2, b̂3} = { p̂Kµ × p̂Khµ
|p̂Kµ × p̂Khµ|

,
cos∠(pKµ,pKhµ)p̂Kµ − p̂Khµ

|p̂Kµ × p̂Khµ|
, p̂Kµ} (A.10)

where â3 ≡ p̂Khµ, b̂3 ≡ p̂Kµ; â1 and b̂1 are colinear and orthogonal to pKµ − pKhµ plane while
â2 and b̂2 were chosen so that both bases are orthonormal and have right-handed orientation.
Such choice allows to conveniently parametrise two cones, shown in Figure A.1, as:

[psig
B (φ)]A = |pB|


sin∠(psigB ,pKhµ) cosφ
sin∠(psigB ,pKhµ) sinφ

cos∠(psigB ,pKhµ)

 , φ ∈ [0, 2π]; (A.11)
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[psig
B (φ′)]B = |pB|


sin∠(psigB ,pKµ) cosφ′

sin∠(psigB ,pKµ) sinφ′

cos∠(psigB ,pKµ)

 , φ′ ∈ [0, 2π]. (A.12)

Effectively, Equation A.11 (Equation A.12) represents the coordinates of the B meson momen-
tum, as constrained by Equation A.7 (Equation A.8), with respect to basis A (B). To calculate
the intersection, the coordinates A.11, A.12 should be represented in the same basis. This can
be done, for example, by moving the coordinates A.11 from A to B with the following transfor-
mation:

[psig
B (φ)]B = T̂A→B[psigB (φ)]A

= |pB|


1 0 0
0 cos∠(pKµ,pKhµ) − sin∠(pKµ,pKhµ)
0 sin∠(pKµ,pKhµ) cos∠(pKµ,pKhµ)




sin∠(psigB ,pKhµ) cosφ
sin∠(psigB ,pKhµ) sinφ

cos∠(psigB ,pKhµ)



= |pB|


sin∠(psigB ,pKhµ) cosφ

cos∠(pKµ,pKhµ) sin∠(psigB ,pKhµ) sinφ− sin∠(pKµ,pKhµ) cos∠(psigB ,pKhµ)
sin∠(pKµ,pKhµ) sin∠(psigB ,pKhµ) sinφ+ cos∠(pKµ,pKhµ) cos∠(psigB ,pKhµ)


(A.13)

where T̂A→B is the transformation matrix, that specifies the change of coordinates of psig
B (φ)

under the change of basis from A to B. Requiring that:

[psig
B (φ)]B = [psig

B (φ′)]B (A.14)

allows to constrain the value of sinφ:

sinφ = cos∠(psig
B ,pKµ)− cos∠(psig

B ,pKhµ) cos(pKµ,pKhµ)
sin∠(pKµ,pKhµ) sin∠(psig

B ,pKhµ)
. (A.15)

Once the value of sinφ is fixed, it is possible to express the coordinates of psig
B with respect to

basis A with a two-fold ambiguity 1:

[psig
B,±]A = |pB|


± sin∠(psigB ,pKhµ)

√
1− sin2 φ

sin∠(psigB ,pKhµ) sinφ
cos∠(psigB ,pKhµ)

 . (A.16)

1Equivalently, it is possible to constrain the value of sinφ′ and express the coordinates of psig
B with respect

to basis B (Equation A.12). The choice of basis does not change the final result (psig
B ) so one is free to choose

between A or B.
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Finally, psigB,± can be expressed in more elegant form, as:

psigB,± = |pB| (±u â1 + v â2 + w â3) (A.17)

where {â1, â2, â3} = { p̂Kµ×p̂Khµ
|p̂Kµ×p̂Khµ| ,

p̂Kµ−cos∠(pKµ,pKhµ)p̂Khµ
|p̂Kµ×p̂Khµ| , p̂Khµ} are basis vectors introduced

in Equation A.9, while parameters u = sin∠(psigB ,pKhµ)
√

1− sin2 φ, v = sin∠(psigB ,pKhµ) sinφ,
w = cos∠(psigB ,pKhµ) represent the coordinates of psigB,± with respect to basis A = {â1, â2, â3},
as given by Equation A.16.

With the procedure described above it is possible to analytically find two kinematically allowed
configurations of psig

B that are symmetric with respect to the plane spanned by pKµ, pKhµ vectors
(Figure A.1). Although the remaining two-fold ambiguity cannot be resolved experimentally, the
recovered momentum provides a useful information about Bsig flight direction that can be further
used do discriminate background events.
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